ON THE MIE-GRUNEISEN AND

Admittedly, this approximation neglects specific-
ally anharmonic contributions to the thermo-
dynamic functions, detailed estimates of which
have recently been undertaken for some simple
force models,9:20) but the available evidence, to
be discussed in Section 5, suggests that these con-
tributions are unimportant in the temperature
range of utmost interest for our analysis.

A general consequence of the quasi-harmonic
approximation is that, at temperatures sufficiently
close to the absolute zero, the heat capacity at
constant volume of a cubic non-metal is simply
proportional to [T/®p(V)]3, where Op(V) is the
elastic Debye characteristic temperature. At some-
what higher temperatures, however, the (quasi-
harmonic) heat capacity contains additional terms
in higher odd powers of 7, originating from the
dispersion of the acoustic modes and involving
each the ratio between the absolute temperature
and a purely volume-dependent characteristic
temperature appropriate to the term and generally
different from ®p(7).@? This result, when com-
bined with the thermodynamic theorem involving
the heat capacity given in Section 2, allows one to
state that the T3 region is, in general, the only low-
temperature region where the thermal formulation
of the Mie-Griineisen approximation is valid, and
where y does not depend explicitly on temperature.
Born{D and BARRON (12, 13) had already pointed out
that in the 7' region y and y"’ are both given by
the logarithmic derivative of Op(V). The vibra-
tional formulation of the Mie-Griineisen approxima-
tion, instead, is not valid in the T3 region, contrary
to what was assumed by Huanc®), since the
vibrational free energy could have the form (6a) in
this region only if the zero-point energy were
simply proportional to Op(V); namely, if the
Debye form for the vibrational spectrum were
appropriate for the entire vibrational spectrum of
the solid. Finally, the Hildebrand approximation
for the thermal or vibrational energy is clearly not
valid at low temperatures.

Another general consequence of the quasi-
harmonic approximation for a cubic non-metal,
pertinent to the region of moderate and high tem-
peratures where the Thirring-Stern expansions of
the thermodynamic functions converge, is easily
established by inspection of these expansions,
which are given in the Appendix. This is that the
vibrational energy becomes explicitly independent
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of volume and the vibrational free energy takes the
form (6a) only at temperatures somewhat above the
Debye characteristic temperature O2(FV) for the
high temperature heat capacity at constant volume,
where they approach, respectively, 32T per particle
and the high temperature Debye functional form
T'In [T/®¢(V)]. On the other hand, the thermal
energy per particle approaches 37, and the ther-
mal free energy approaches the high temperature
Debye functional form, 7'In [T/®¢(V)], only at
the significantly higher temperatures where the
zero-point energy per particle is negligible com-
pared to 3&7. These results, when combined with
the thermodynamic theorem given in Section 2,
connecting these particular functional forms for
the energies and free energies, lead one to the
following conclusions: (1) The vibrational formula-
tion of the Mie—Griineisen approximation becomes
valid, in general, when and only when the vibrational
energy per particle approaches 3kT, namely, when
and only when the Hildebrand approximation for the
vibrational energy becomes valid; and (2) the thermal
formulation of the Mie—Griineisen approximation
would generally become valid in the high-temperature
region only at the very high temperatures, hardly ever
attained by a solid, where the Hildebrand approxi-
mation for the thermal energy becomes valid. BOrN11)
indicated long ago that y is a function only of the
volume of the solid in the temperature range where
the law of Dulong and Petit is obeyed, and
BarrON(2) has pointed out that for 7'— oo, 3"’
and y approach a common value given by the
logarithmic derivative of the Debye characteristic
temperature for the entropy for 7' — co. BARRON’s
calculations12) of the temperature variation at con-
stant volume of ¢ and y" for a particular quasi-
harmonic model, a face-centered cubic solid with
central forces between nearest neighbors, provide
also an illustration of the general result, implicit in
(1) and (2), that o"* approaches the common limit,
Yeor Of the ys at high temperatures more slowly
than y.

In the region of intermediate temperatures,
where the Thirring—Stern expansions converge
but the vibrational energy per particle has not yet
attained the value 3%7) the validity of the Hilde-
brand approximation for the vibrational energy
requires that the pertinent even moments pgy of the
frequency distribution of the normal modes of the
solid be independent of the volume of the solid. On
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the other hand, the validity of the Mie-Griineisen
approximation for the vibrational free energy, as
well as the condition that ¢ be a purely volume-
dependent function, require only that the volume
dependence of the roots (u2,)/2" of the pertinent
even moments of the vibrational spectrum be the
same as that of the geometric means of the normal-
mode frequencies, a less restrictive condition than
the validity of the Debye functional form for the
vibrational free energy (see Appendix). The cor-
responding conditions for the validity of the ther-
mal formulations involve also the moment pj.
Clearly, one cannot make any general statement on
the actual validity of either formulation of the
Mie-Griineisen or Hildebrand approximation,
but one has some reason to expect either formulation
of the Mie-Griineisen approximation to be less in-
accurate than the corresponding formulation of the
Hildebrand approximation in the region of moderate
temperatures. One can also state that within the region
of convergence of the Thirring—Stern expansions, the
temperature ranges in which y and ' do not depend
on temperature at constant volume coincide. Thus
the calculations of the temperature variation
at constant volume of the parameter y for
simple quasi-harmonic models of rare-gas solids,
performed by BarrON(2) and by HorrtoN and
Leecud8), which show that in these cases y re-
mains practically constant down to temperatures
of the order of one third of the Debye character-
istic temperature, do confirm that in these cases
the vibrational Mie-Griineisen approximation is
in fact less inaccurate than the vibrational Hilde-
brand approximation at these temperatures.

The Thirring—Stern expansions for the entropy
and the vibrational free energy allow one also to
show that the rates of approach of y and y' to vy, are
equal in absolute value but opposite in sign. This
result, together with equation (4), allows one to
predict that for any model for which y increases
monotonically with temperature from 0°K up-
wards (and in which one neglects the effect of ther-
mal expansion on the vibrational frequencies), as is
the case, for example, for most of the quasi-har-
monic models of rare-gas solids treated by
BarRrON(12) and by HorToN and LEecH(8), o will
be larger than y,, and will increase steadily with
decreasing temperature down to 0°K, where
(0y'0T)y must vanish. One can envisage this result
as a particularly dramatic illustration of the general

result that 5’ differs from y at very low tem-
peratures.

A condition for the validity, within the quasi-
harmonic approximation, of both formulations of
the Mie-Griineisen approximation over the entire
range of temperatures has recently been given by
Brackman@4), If one rewrites the quasi-harmonic
expressions

and

in integral form, it is in effect apparent that the
condition in question is that the arithmetic average
of dlnv/dIn V for all vibrations lying between
v and v+Av be a constant, independent of the
frequency. This is clearly more restrictive than
the conditions for the validity of either formula-
tion of this approximation at intermediate tem-
peratures, that we have given above.

4. THE MIE-GRUNEISEN AND HILDEBRAND
EQUATIONS OF STATE
The formulations (1) and (2) of the equation
of state of a cubic solid under hydrostatic pressure,
and their first volume derivatives at constant
temperature:
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can be easily reduced to the special forms appro-
priate in the Mie-Griineisen and Hildebrand
approximations. One uses the Mie—Griineisen and

Hildebrand approximations to 4'(V,T) and
y"(V,T), together with the thermodynamic
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